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Abstract
We have derived the Buchdahl’s limit for a relativistic star in presence of the Kalb-Ramond field in
four as well as in higher dimensions. It turns out that the Buchdahl’s limit gets severely affected by the
inclusion of the Kalb-Ramond field. In particular, the Kalb-Ramond field in four spacetime dimensions
enables one to pack extra mass in any compact stellar structure of a given radius. On the other hand,
a completely opposite picture emerges if the Kalb-Ramond field exists in higher dimensions, where
the mass content of a compact star is smaller compared to that in general relativity. Implications are
discussed.
1 Introduction
There have been considerable interest in the compactness limit of any stellar structure, which originally
initiated from the seminal work of Buchdahl, who showed that under reasonable assumptions the minimum
radius of a star has to be greater than (9/8) of its Schwarzschild radius [1–3]. These assumptions involved
the density of the star to be decreasing outwards and the interior solution being matched to the vacuum
exterior one, which by uniqueness theorems of general relativity is the Schwarzschild solution. This raises
an intriguing question, how is the above limit modified if one considers a theory of gravity different from
general relativity or if one introduces some additional matter fields. Several such ideas have been explored
quiet extensively in recent times, which include — (a) inclusion of cosmological constant [4–7], (b) effects
due to presence of extra dimensions [8–11], (c) effect of scalar tensor theories [12–19] and (d) dependence
of Buchdahl’s limit on higher curvature gravity models [14,20–28], such as, Einstein-Gauss-Bonnet gravity,
f(R) gravity [29–34], pure Lovelock theories [35–39] etc. In some of these cases one had to impose some
additional physically motivated assumptions, e.g., imposition of dominant energy condition, sub-luminal
propagation of sound etc. All in all, the ultimate limit on stellar structures is of fundamental importance
for not only understanding the differences between various gravity theories but also to differentiate how
additional matter fields behave under self-gravity [40–44].
Having set the stage, let us consider the situation we will be interested in. Rather than working with
modified gravity theories, we will modify Einstein’s field equations by introducing additional matter fields.
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In particular we will mainly be concerned about the effects of the Kalb-Ramond field in the formation
of any stellar structure and possible modification of the Buchdahl’s limit thereof. Kalb-Ramond field
arises naturally in the context of field theory (and also as a closed string mode in string theory) and
is sort of a generalization of electrodynamics [45–52]. The gauge vector field in electrodynamics gets
replaced by a second rank antisymmetric tensor field with a corresponding third rank antisymmetric
field strength. Interestingly, the corresponding third rank antisymmetric tensor field appearing as field
strength of the Kalb-Ramond field has conceptual as well as mathematical similarity with the appearance
of spacetime torsion [53–61]. In particular if one assumes spacetime torsion to be antisymmetric in all the
three indices1, then the decomposition of the Ricci scalar into parts dependent and independent of torsion
leads to Einstein-Hilbert action with an additional term coinciding with the action for Kalb-Ramond
field coupled to gravity. Thus in this sense, whether we work with Kalb-Ramond field or completely
antisymmetric spacetime torsion the physics would remain unchanged. However for concreteness we will
explicitly work with Kalb-Ramond field while keeping the analogy with spacetime torsion in the backdrop.
Thus given the action for the Kalb-Ramond field in presence of gravity one can immediately obtain the
corresponding modified Einstein’s equations. This will result into different exterior as well as interior
solution, in particular the exterior solution no longer represents a vacuum spacetime. This will inevitably
results into modifications on the limits of stellar structure and hence the Buchdahl’s limit would certainly
be different from that in general relativity. There is another way a similar modification can be brought
about, which corresponds to introduction of extra dimensions. Even though in the standard picture the
normal matter fields, e.g., electromagnetic field does not propagate in the extra dimensions2, the Kalb-
Ramond on the other hand, being a closed string mode alike gravity, do propagate in higher dimensions
(known as bulk). Hence the presence of the Kalb-Ramond field brings in modifications to the effective
gravitational field equations on any four dimensional hypersurface (referred to as the brane) embedded in
the five dimensional bulk [62–68]. We will study the modified Buchdahl’s limit in this scenario as well.
The main purpose of this work is precisely to explore these modifications and hence to understand the
departure from general relativity that Kalb-Ramond field as well as existence of higher dimensions can
bring in the stellar structures.
The paper can broadly be divided into three sections. In Section 2 we will discuss the basic mathemat-
ical framework of Kalb-Ramond field coupled to gravity and possible effects due to extra dimensions. The
formalism developed in Section 2 will be applied to the derivation of Buchdahl’s limit in the context of
Kalb-Ramond field in four spacetime dimensions in Section 3, while Kalb-Ramond field in higher spacetime
dimensions will be discussed in Section 4. Finally we conclude with a discussion on our results.
We will set the fundamental constants c = 1 = ~ and will work within the convention of mostly
positive signature. All uppercase Roman letters stand for higher dimensional spacetime indices, while
lowercase Roman letters indicate spatial indices. On the other hand, Greek letters are used to label the
four dimensional spacetime indices.
1In general, spacetime torsion appears through the definition of covariant derivative: ∇iV j = ∂iV j + AjikV k, with
connection being written as Aabc = Γ
a
bc + T
a
bc. Here Γ
a
bc is the standard Christoffel connection, symmetric in (b, c), while T
a
bc
is the torsion tensor, antisymmetric in (b, c).
2This is due to the fact that all such matter fields originate from open string modes and hence has access to four-dimensional
spacetime only as their end points are attached to it.
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2 Gravity with Kalb-Ramond field: Basic formalism
In this section we will briefly elaborate on the gravitational dynamics in presence of the Kalb-Ramond
field. As mentioned earlier, the Kalb-Ramond field is an antisymmetric second rank tensor BAB , while the
field strength of the Kalb-Ramond field is being denoted by HPQR = ∂[PBQR]
3. Alike electrodynamics
the action for the Kalb-Ramond field is taken to be square of the field strength. Thus the complete action
for Kalb-Ramond field with gravity in D spacetime dimensions takes the following form,
A =
∫
dDx
√−g
[
R
16piGD
− 1
12
HABCH
ABC + Lmatter
]
, (1)
where GD is the D dimensional gravitational constant and Lmatter consists of any additional matter fields
that may be present. The factor (−1/12) ensures that in our signature convention the kinetic term in local
inertial frame appears as (1/2)(∂tBij)
2. Even though the Kalb-Ramond field in D spacetime dimensions
has a total of D(D− 1)/2 independent components, the actual number of propagating degrees of freedom
are lesser in number. This arises from the fact that time derivatives of only the spatial components
of the Kalb-Ramond field appear in the Lagrangian. Thus among the total D(D − 1)/2 independent
components only the (D−1)(D−2)/2 will represent the propagating degrees of freedom. However one has
to take into account of the additional gauge symmetry present in the system, i.e., there is a transformation
BPQ → BPQ +∇P ξQ −∇QξP , which keeps the Lagrangian invariant. The gauge field for the spatial part
seemingly has (D− 1) degrees of freedom and hence the total number of degrees of freedom would become
(D−1)(D−4)/2. There still exists one more scalar degree of freedom, which appears if we change the gauge
field by ξP → ξP +∂Pφ. Thus actual number of degrees of freedom would be {(D−1)(D−4)/2}+1. Thus
in four dimensions the Kalb-Ramond field has a single degree of freedom, while for D = 5, the number of
degrees of freedom becomes three [49,58].
Having discussed some of the basic properties of the Kalb-Ramond field, let us now inquire how it may
affect the dynamics of gravity. For that purpose the most important ingredient is the gravitational field
equations, which can be obtained by varying the action in Eq. (1) with respect to the metric, leading to,
GAB = 8piGD
{
T
(KR)
AB + T
(matter)
AB
}
; (2)
T
(KR)
AB =
1
6
[
3HAPQH
PQ
B −
1
2
{
HPQRH
PQR
}
gAB
]
; T
(matter)
AB = −
2√−g
δ (
√−gLmatter)
δgAB
. (3)
Here T
(KR)
AB and T
(matter)
AB respectively corresponds to energy momentum tensor for the Kalb-Ramond field
and any additional matter field that may be present in the system. One can also obtain the corresponding
field equations for the Kalb-Ramond field by varying the action with respect to BPQ leading to∇AHABC =
0. Given the field equation for the Kalb-Ramond field it is instructive to prove conservation of the respective
energy momentum tensor, which can be derived along the following lines,
∇ATA (KR)B =
1
6
[
3
{∇AHAPQ}HBPQ + 3HAPQ {∇AHBPQ} −HPQR∇BHPQR]
=
1
6
[
HAPQ {∇AHBPQ −∇QHABP +∇PHQAB} −HPQR∇BHPQR
]
= 0 . (4)
3Note that ∇[PBQR] = (1/3)
{∇PBQR +∇RBPQ +∇QBRP} = ∂[PBQR], since all the affine connections cancel out
each other due to antisymmetry of the Kalb-Ramond field BPQ.
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Here in the first line we have used the field equation for the Kalb-Ramond field, while in the second line we
have used the following result satisfied by the Kalb-Ramond field strength, namely, ∇[AHPQR] = 0. The
proof of the previous statement is analogous to that of electromagnetism and follows from the complete
antisymmetry of the Kalb-Ramond field strength.
In what follows we will mainly be interested in four dimensional spacetimes with spherical symmetry.
This can be achieved along two possible avenues — (a) One can start from a four dimensional action,
which can be obtained by setting D = 4 in Eq. (1) or (b) Starting from a five dimensional spacetime
but then projecting the gravitational field equations on a four dimensional hypersurface. In this work we
will explore both these situations, following mainly [49, 57, 58, 62, 66, 67], to achieve our goal to derive the
possible modifications in the Buchdahl’s limit.
We start with the first possibility, i.e., the Kalb-Ramond field in four spacetime dimensions which
is described by static and spherically symmetric metric ansatz. The line element fit for our purpose,
expressing static and spherical symmetry becomes,
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2 (dθ2 + sin2 θdφ2) , (5)
where ν(r) and λ(r) are arbitrary functions of the radial coordinate that we need to determine through the
gravitational field equations. Returning back to the Kalb-Ramond field as we have already emphasized,
there is a single independent degree of freedom. This enables one to write down the Kalb-Ramond field
tensor Hµνρ in terms of a scalar field such that, H
µνρ = µνρσ∂σΦ
4.
In the context of spherical symmetry, the above scalar degree of freedom (also known as axion) becomes
a function of radial coordinate alone, i.e., Φ = Φ(r). Thus only the H023 element will contribute, leading
to: H023 = 0231Φ′(r), where ‘prime’ denotes derivative with respect to the radial coordinate. Since µνρσ
involves a 1/
√−g factor, it follows that H023 can be written as f(r)/ sin θ, with f(r) being an arbitrary
function of the radial coordinate. This can also be verified by solving the field equation for Hµνρ directly.
With H023 as the only non-zero element, the energy momentum tensor for the Kalb-Ramond field turns
out to have the following components,
T
0 (KR)
0 =
1
6
[
6H023H023 − 1
2
× {6H023H023} ] = 1
2
H023H023 = −e−ν(r) H
2
023
2r4 sin2 θ
≡ −h(r)2 , (6)
T
1 (KR)
1 = −
1
2
H023H023 = h(r)
2 = −T 2 (KR)2 = −T 3 (KR)3 . (7)
This suggests that the energy momentum tensor arising due to the Kalb-Ramond field in a spherically
symmetric context can actually be expressed as that of a perfect fluid, with the following structure,
diag {−ρKR(r), pKR(r),−pKR(r),−pKR(r)}, where ρKR(r) = h(r)2 = pKR(r). It is clear that the energy
density is positive definite, since the Kalb-Ramond field is necessarily real. Surprisingly, the transverse
(or, angular) part of the energy momentum tensor depicts the existence of a negative pressure. Due to
this fact even though the Kalb-Ramond field satisfies the weak energy condition, i.e., Tabu
aub > 0, it also
satisfies, {Tab − (1/2)Tgab}uaub = 0. Thus Kalb-Ramond field in spherically symmetric context in four
spacetime dimension marginally satisfies the strong energy condition. Incidentally for Kalb-Ramond field,
the field equation ∇µHµρσ = 0 merely says that it can be written in terms of an axionic field, but the
identity nabla[µHαβρ] = 0 (or, equivalently ∇µTµν = 0) provides the differential equation satisfied by
h(r).
4Note that, since µνρσ = (−1/√−g)[µνρσ], where [µνρσ] is the completely antisymmetric object, it immediately follows
that, ∇µHµνρ = (−1/√−g)[µνρσ]∇µ∇σΦ = 0.
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Let us now briefly mention about the existing results in the literature in the context of scalar-tensor
theory to provide a comparison with the results appearing in our approach. An initial attempt to un-
derstand the Buchdahl’s limit in the context of Brans-Dicke theory (a particular scalar tensor model)
was presented in [19], where a conformal transformation was used to transform the Brans-Dicke action in
Jordan frame (i.e., when the action has coupling between Ricci scalar R and the scalar field φ) to that in
Einstein frame (where the Ricci scalar has no coupling with the scalar field). Then it was demonstrated
that the Buchdahl’s limit in Brans-Dicke theory is larger compared to the general relativistic scenario.
Later on several results have confirmed the above claim in various different scalar tensor models [14–19].
Thus in this work we provide yet another origin to arrive at a scalar tensor description of gravity, namely
using Kalb-Ramond field. In the later part of this work we will explore whether this model also shares
the same scenario as far as the Buchdahl’s limit is concerned. Since a direct correspondence with earlier
results will certainly bolster our claims, we will explore this connection with earlier works in Section 3 in
a detailed manner.
In the present context, given the contribution from the Kalb-Ramond field as expressed in Eq. (6) and
Eq. (7) respectively, one can write down the corresponding gravitational field equations in the context
of spherical symmetry. Further as the stellar interior is concerned, the normal matter is taken to be
perfect fluid with energy-momentum tensor diag{−ρ(r), p(r), p(r), p(r)}. This completes our preliminary
discussion and yields the necessary ingredients that we will require in later sections while discussing the
effect of Kalb-Ramond field on stellar structure in four spacetime dimensions.
Before concluding this section, let us address the corresponding situation in the brane world scenario,
where both gravity and the Kalb-Ramond field live in five dimensional bulk, while we are interested in the
gravitational dynamics on the four dimensional brane. There are several ways of handling this issue. For
example, one may wish to average the bulk Einstein’s equations over the extra dimension and hence arrive
at a gravitational equation on the brane (this method was adopted in [69]), otherwise one may wish to
project the five dimensional equations on a four dimensional hypersurface. Except these two there are other
perturbative schemes available to determine the metric on the brane, inheriting bulk corrections [70, 71].
Nonetheless we will follow the second pathway of projecting the bulk equations in this work, which was
first developed in [62]. Later on, there have been numerous works based on this projective scheme, for a
small representative set, see [62–68, 72]. Since details of this procedure are well established and discussed
at good lengths in the above works we will concentrate here by illustrating the basic ingredients which will
be necessary for our later purposes.
The bulk field equations presented in Eq. (2) can be appropriately projected on the brane hypersurface
by using the projector hAB = δ
A
B−nAnB , where nA is normal to the brane hypersurface. Using the projector
hAB and incorporating the Gauss-Codazzi relation it is possible to write down the brane curvature tensor
in terms of the bulk one. In this process one also derives the brane Ricci tensor and hence the brane
Ricci scalar in terms of the bulk curvature components. Use of all these results relating brane curvature
tensors to bulk curvature tensors enable one to write down the bulk gravitational field equations in terms
of curvatures on the four dimensional brane hypersurface with additional contributions inherited from the
bulk. In particular, from a purely gravitational point of view the bulk Einstein tensor GAB will map into
(4)Gµν + Eµν , where
(4)Gµν is the standard Einstein tensor on the brane and Eµν = WµAνBn
AnB is
the additional contribution inherited from the bulk, dependent on the bulk Weyl tensor WµAνB [62–65].
Similarly, the Kalb-Ramond field present in the bulk (affecting the bulk Einstein’s equation through the
bulk energy momentum tensor presented in Eq. (3)) also gets projected on the brane hypersurface and a
particular combination of this projection will act as the source of four-dimensional effective gravitational
field equations along with normal matter, which of course is confined to four dimensions [3]. In this
context, the effect of extra dimensions as well as that of Kalb-Ramond field modifies the four dimensional
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gravitational field equations as,
(4)Gµν + Eµν = 8piG4
{
T (matter)µν + Π
(matter)
µν +
(4)T (KR)µν
}
, (8)
where the physical interpretation of the terms appearing on the left hand side has been discussed earlier,
in particular Eµν is the projection of the bulk Weyl tensor on the brane hypersurface. On the other hand,
the right hand side has contribution from three parts — (a) four dimensional matter field characterized
by T
(matter)
µν , (b) energy momentum tensor obtained by projecting the Kalb-Ramond field on the brane,
denoted as (4)T
(KR)
µν and (c) energy-momentum tensor Π
(matter)
µν , which is quadratic in T
(matter)
µν . The
explicit expression for the brane energy momentum tensor (4)T
(KR)
µν originated from the bulk Kalb-Ramond
field becomes,
(4)TKRµν =
2
3
G5
G4
[
Tµν +
(
TABn
AnB − 1
4
TAA
)
gµν
]
=
2
3
G5
G4
[
1
2
HµαβH
αβ
ν −
3
16
{
HαβρH
αβρ
}
gµν
]
. (9)
The first equality follows from the projection scheme and has been elaborated in [3]. Moreover TAB
appearing on the right hand side of the first expression is the bulk energy momentum tensor for the Kalb-
Ramond field, expressed as in Eq. (3). In order to arrive at the second expression we have assumed that
the Kalb-Ramond field BAB is independent of the extra dimensional coordinate as well as n
ABAB = 0.
Both of which are natural from the perspective of a brane observer and can be motivated along the
following lines. First of all there are large number of gauge freedoms present in the Kalb-Ramond field,
namely Bµν → Bµν + (∂µAν − ∂νAµ), where Aµ is an arbitrary vector field. Using this gauge freedom
one can set nABAB = 0, known in the literature as the Randall-Sundrum gauge (since it was first used in
the context of gravitational perturbation in [73]). The other condition (i.e., Bµν is independent of extra
dimension) can be argued from the Kaluza-Klein mode decomposition of the Kalb-Ramond field, where
it turns out that the massless Kaluza-Klein mode have no dependence on extra dimension and is purely
a function of the brane coordinates [57]. Since we are interested in the lowest lying, i.e., massless mode
alone, the Kalb-Ramond field cannot have any extra dimension dependence, thereby justifying the previous
assumptions.
We would also like to point out that since the above energy momentum tensor is not derivable from
a four dimensional action, the conservation of (4)T
(KR)
µν is not immediate from the field equation for the
Kalb-Ramond field. Thus one generally treats the field equation for the Kalb-Ramond field separately and
considers the total combination −Eµν + (4)T (KR)µν + Π(matter)µν to be conserved.
The above energy momentum tensor (4)TKRµν surprisingly has some very interesting properties, e.g., if
we consider the static and spherically symmetric situation then only H023 (or, H
023) component of the full
Kalb-Ramond field strength will be non-zero. In this case the components of this induced brane energy
6
momentum tensor becomes,
(4)T
0 (KR)
0 =
2
3
G5
G4
[
1
2
{
2H023H
023
}− 3
16
{
6H023H
023
}]
= − 1
12
G5
G4
H023H
023
=
e−ν(r)
12r4 sin2 θ
√
6
8piG4λT
H2023 ≡
h˜(r)2√
8piG4λT
= (4)T
2 (KR)
2 =
(4)T
3 (KR)
3 ; (10)
(4)T
1 (KR)
1 =
2
3
G5
G4
[
− 3
16
{
6H023H
023
}]
=
3e−ν(r)
4r4 sin2 θ
G5
G4
H2023 =
9h˜(r)2√
8piG4λT
, (11)
where λT = 6(G4/8piG
2
5) is the brane tension. Thus we immediately observe that the induced energy
momentum tensor on the brane has negative energy density. One can immediately check that, Tabu
aub ∝
−h˜2, for static observers, while {Tab − (1/2)Tgab}uaub ∝ −h˜2 + (1/2)(12h˜2) = 5h˜2. Thus the induced
energy momentum tensor on the brane from a bulk Kalb-Ramond field violates the weak energy condition
but does satisfy the strong energy condition. This should not come as a surprise, as there have been
numerous instances in the literature, in various other contexts where weak energy conditions are being
violated on the brane while they are being satisfied in the bulk (which is true for the scenario presented
here as well). For example, in the context of a black hole on the brane it was argued that the induced
energy density in the brane from the bulk must be negative to ensure attractive nature of gravity on the
brane [74]. Furthermore, the existence of negative energy density on the brane hypersurface has appeared
in numerous other contexts, e.g., (a) Kaluza-Klein reduction to a lower dimensional hypersurface [75], (b)
trajectory of a test particle in a lower dimensional hypersurface and appearance of an extra force [76],
(c) due to topological defects on the hypersurface possibly created by a moving black hole [77, 78] or
may be due to some specific compactification scheme [79] (see also [80]). Thus the above provides one
more instance to violate weak energy conditions on the brane, namely through the bulk Kalb-Ramond
field. Hence by no means this is unusual, it merely provides a new pathway for understanding the energy
conditions in the context of braneworld scenario. Having discussed the physics involved as well as basic
mathematical formalism, we will next consider the stellar structure and hence the Buchdahl’s limit in these
scenarios.
3 Kalb-Ramond field in four dimensions and limit on stellar
structure
The basic field equations describing both gravity and Kalb-Ramond field in four spacetime dimensions
have been elaborated in the previous section. In particular we have explicitly demonstrated that in this
context there exist a single degree of freedom in the Kalb-Ramond field that we should worry about. In
the case of static spacetime with spherical symmetry the field equations for gravity as well as that of
Kalb-Ramond field simplify considerably. The gravity sector is being determined by two unknowns λ(r)
and ν(r) appearing in the spacetime geometry through Eq. (5), while information regarding Kalb-Ramond
field is essentially contained in the unknown function h(r), introduced in Eq. (6). Considering the interior
of a stellar object to be filled with perfect fluid with energy density ρ(r) and pressure p(r), the gravitational
7
field equations become,
e−λ
(
1
r2
− λ
′
r
)
− 1
r2
= 8piG4
(−ρ− h2) , (12)
e−λ
(
ν′
r
+
1
r2
)
− 1
r2
= 8piG4
(
p+ h2
)
, (13)
1
2
e−λ
(
ν′′ +
ν′2
2
+
ν′ − λ′
r
− ν
′λ′
2
)
= 8piG4
(
p− h2) . (14)
On the other hand, the conservation equation for the fluid as well as the field equation for the Kalb-Ramond
field takes the following simple form in the context of static and spherically symmetric spacetime,
p′ +
ν′
2
(p+ ρ) = 0 , (15)
h′ +
ν′
2
h+
2
r
h = 0 . (16)
One can solve for these equations if the energy density ρ(r) = ρc, is a constant. Then Eq. (15) can
be integrated to yield, exp(−ν/2) = A(ρc + p). Given this one can also integrate Eq. (16) to obtain
the contribution from the Kalb-Ramond field as: h(r) = (1/r2) exp(−ν/2) = (A/r2)(ρc + p). From this
expression it is evident that h(r) decreases with an increase of the radial coordinate r. Hence the effective
density ρ + h2 also decreases as the surface of the star is being approached. We will use this result later
on. However the above exact solutions in the case of constant density does not help much, since p(r) is
still undetermined, which essentially makes h(r) an arbitrary function of the radial coordinate.
Interestingly, the three Einstein’s equations presented above are not independent, given any two of them
along with Eq. (15) and Eq. (16) one can arrive at the remaining one. We will demonstrate this feature
in an explicit manner, since it will provide an important relation which will be useful in our derivation of
Buchdahl’s limit. We will take Eq. (12) and Eq. (13) as the two independent equations and shall derive
Eq. (14) from them, where Eq. (15) and Eq. (16) will be used extensively. The demonstration goes as
follows, one starts by differentiating Eq. (13), which leads to,
e−λ
(
ν′′
r
− ν
′
r2
− 2
r3
− λ
′ν′
r
− λ
′
r2
)
+
2
r3
= 8piG4 (p
′ + 2hh′) . (17)
Using the conservation equation for the fluid and the Kalb-Ramond field from Eq. (15) and Eq. (16), one
can evaluate the right hand side of Eq. (17), leading to,
8piG4 (p
′ + 2hh′) = 8piG4
[
−ν
′
2
(p+ ρ) + 2h
(
−ν
′
2
h− 2
r
h
)]
= e−λ
(
−ν
′λ′
2r
− ν
′2
2r
)
− 32piG4
r
h2 . (18)
Substitution of this particular expression back to Eq. (17) leads to,
−32piG4h2 = e−λ
(
ν′′ +
ν′2
2
− λ
′ν′
2
+
ν′ − λ′
r
)
− 16piG4
(
p+ h2
)
, (19)
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where in the last line we have used one of the Einstein’s equations, namely Eq. (13). It is evident
that the above equation when divided by a factor of two coincides with Eq. (14) and hence the third
Einstein’s equation is redundant. Even then there is one ambiguity present in the system, which is
worth mentioning. There are four independent differential equations governing the behaviour of this
particular system, while there are five unknowns: ν(r), λ(r), h(r), p(r) and ρ(r). This problem is generally
circumvented by assuming an equation of state for the perfect fluid, which we will not need here.
We will now proceed further and shall determine the fundamental limit to the stellar structure, known
in the literature as the Buchdahl’s limit, following its discovery by Buchdahl in the context of general
relativity. In the remaining part of this section we will derive the Buchdahl’s limit in presence of the
Kalb-Ramond field explicitly. It is clear that one can integrate out Eq. (12), resulting into,
e−λ = 1− 2G4m(r)
r
; m(r) =
∫ r
0
dr 4pir2
(
ρ+ h2
)
. (20)
Since h2 > 0, it is clear that the total gravitational mass experienced outside the star is larger than the
actual matter density present inside, with the extra gravitating mass coming from the KR field strength.
Let us now derive the Buchdahl’s limit and for that let us start from Eq. (19) and rewrite the same as,
2rν′′ + rν′2 − rλ′ν′ − 2ν′ = 4
r
(
1− eλ)+ 2λ′ − 64piG4rh2eλ . (21)
One can further use the following two identities
d
dr
[
1
r
e−λ/2
deν/2
dr
]
=
e(ν−λ)/2
4r2
[
2rν′′ + rν′2 − 2ν′ − rν′λ′] , (22)
d
dr
[
1− e−λ
2r2
]
=
e−λ
2r3
[
rλ′ − 2 (eλ − 1)] , (23)
to rewrite Eq. (21) as,
e−(ν+λ)/2
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
=
d
dr
(
1− e−λ
2r2
)
− 16piG4
r
h2 . (24)
At this stage one puts forward some sensible requirements, e.g., the average density ρav = m(r)/r
3 should
decrease outwards. Even though the average density involves contribution from the Kalb-Ramond field,
since the Kalb-Ramond field strength itself decreases outwards the above condition will be trivially satisfied.
Further, given the form of e−λ as in Eq. (20), it is clear that the first term on the right hand side of Eq. (24)
is essentially dρav/dr. Since we have already assumed that average density decreases outwards, it is clear
that the right hand side of Eq. (24) is negative, leading to,
d
dr
[
1
r
e−λ/2
d
dr
eν/2
]
≤ 0 . (25)
Integrating the above relation from some radius r within the star to the surface of the star, given by the
radius r0, we obtain,
1
r
e−λ/2
deν/2
dr
≥ 1
r0
[
e−λ/2
d
dr
eν/2
]
r=r0
=
1
2r0
e(ν0−λ0)/2ν′0 , (26)
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where quantities with subscript ‘0’ denotes that they are to be evaluated at the surface of the star, located
at r = r0. At this stage one generally assumes that both the metric and its derivatives are continuous
across the surface of the star, i.e., the exterior solution for λ and ν must be equal to the interior solution
at the surface along with their derivatives. This prompts to replace the metric and its derivatives at the
surface by the respective values associated with the external solution. However, for the moment being
we will keep the above structure arbitrary, which will be useful later. Further multiplying both sides of
Eq. (26) by reλ/2 and integrating again from the origin to the surface of the star, we obtain,
eν/2(r = 0) ≤ eν0/2 − 1
2r0
e(ν0−λ0)/2ν′0
∫ r0
0
dr
r√
1− 2G4m(r)r
. (27)
As the average density is assumed to be decreasing outwards, it immediately follows that m(r)/r3 > M/r30
and thus we will have the above inequality holding more strongly if we replace m(r)/r by (M/r30)r
2. With
this modification, the above inequality becomes,
eν/2(r = 0) ≤ eν0/2 − 1
2r0
e(ν0−λ0)/2ν′0
∫ r0
0
dr
r√
1− 2G4M
r30
r2
= eν0/2 − 1
2r0
e(ν0−λ0)/2ν′0
{
r20
1− e−λ0
}(
1− e−λ0/2
)
. (28)
Since both the pressure and the contribution from the Kalb-Ramond field are positive and finite at the
origin it follows that eν/2(r = 0) > 0. Applying this result to Eq. (28) we immediately obtain the following
inequality,
eν0/2 − 1
2r0
e(ν0−λ0)/2ν′0
{
r20
1− e−λ0
}(
1− e−λ0/2
)
> 0 . (29)
Note that the term eν0/2 can be removed from the above inequality as eν0/2 > 0 as well. Further evaluating
Eq. (13) at r = r0 we obtain the following expression for ν
′
0,
ν′0
2r0
= − 1
2r20
+
1
2
eλ0
{ 1
r20
+ 8piG4h
2
0
}
. (30)
Substitution of the above expression for ν′0/2r0 in Eq. (29) and subsequent multiplication by e
−λ0/2 leads
to the following expression,
e−λ0/2 − r
2
0
1− e−λ0
[
1
2r20
(
1− e−λ0)+ 4piG4h20](1− e−λ0/2) > 0 . (31)
Hence one can solve for this inequality for a corresponding bound on exp(−λ0), which will certainly be
different from the corresponding bound in Schwarzschild spacetime. Simplification of the above inequality
leads to a quadratic expression for (1 − e−λ0), whose one root corresponds to negative value of the same
and hence can be neglected, while the other root provides the necessary inequality,
1− e−λ0 < 4
9
[
1− 6piG4r20h20 +
√
1 + 6piG4h20r
2
0
]
. (32)
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Figure 1: Allowed region for 2G4M/r0 (region below the blue, thick line) along with the location of the
event horizon (black, dot-dashed line) are being depicted as the Kalb-Ramond field makes its appearance
in the picture. It is clear that the size of the allowed region is initially bounded by the limit on 2GM/r0 (to
the left of the red arrow), while later on it is decided by the location of the horizon (right of the red arrow).
The red arrow depicts the point after which the smallest r0 becomes smaller than event horizon. As evident
the allowed region over and above general relativity increases as the Kalb-Ramond field strength increases.
Thus one can add more mass compared to general relativity to the stellar structure at a given radius if the
Kalb-Ramond field is present. This may provide a nice observational window to probe possible existence
of the Kalb-Ramond field. See text for more discussions.
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The corresponding bound on the ADM mass can be obtained by writing down e−λ0 in terms of the same
and using the inequality presented in Eq. (32). In order to obtain e−λ0 in terms of the ADM mass we need
to determine the exterior solution, which to the leading order in the Kalb-Ramond parameter h0 becomes
e−λ = 1− 2G4M
r
+ 8piG4
h20r
4
0
r2
+O(r−3) , (33)
eν = 1− 2G4M
r
+O(r−3); h(r) = h0
(
r20
r2
)
+O(r−3) , (34)
whereM corresponds to the desired ADM mass associated with the black hole spacetime. Thus evaluating
e−λ on the surface of the star and its subsequent substitution in Eq. (32) provides the desired bound on
M as,
2G4M
r0
<
4
9
[
1 + 12piG4r
2
0h
2
0 +
√
1 + 6piG4h20r
2
0
]
. (35)
One can easily comprehend the correctness of this result by taking the h0 → 0 limit, for which one
immediately recovers the Buchdahl’s limit, G4M/r0 < 4/9. It is clear from the above result that in
presence of Kalb-Ramond field the upper bound on G4/r0 is larger than 4/9 (see Fig. 1). Thus as the
strength of the Kalb-Ramond field increases the compactness limit (or, equivalently the Buchdahl’s limit)
on the stellar structure also increases compared to that in general relativity. However, one point must
be emphasized at this stage. Even though 2G4M/r0 can become much larger than 8/9 due to higher
and higher values of the Kalb-Ramond field parameter h0, it is fundamentally bounded by the black hole
horizon. To be precise, if the surface of the star is within the event horizon, then the limit makes no
sense. Thus one has to ensure that r0 > rh, where rh is the location of the horizon obtained from Eq. (33),
in order to have a sensible stellar structure. Thus for (2G4M/r0) < (2G4M/rh), the bound on stellar
structure is provided by (2G4M/r0). This corresponds to the region to the left of the red arrow in Fig. 1.
While in the opposite scenario, the ultimate bound on stellar structure is provided by the horizon radius
as depicted by the region to the right of the red arrow in Fig. 1. Finally the choice piG4h
2
0r
2
0 ∼ 0.052
marks the point where the stellar radius and the horizon radius coincides, as illustrated by the red arrow
in Fig. 1. As evident, in both these situations one can have stellar configurations having more mass packed
into a smaller volume, when compared to the corresponding situation in general relativity.
For completeness, we would also like to comment on the connection between the spherically symmet-
ric solution presented above, with those derived earlier in the literature (see, for example [81–84]). In
particular, we will be considering the spherically symmetric and static solution obtained in [81], in the
context of Einstein gravity in presence of a non-trivial scalar field. Some generalization of this solution has
been achieved and discussed in [82,83]. While an exact solution in the context of gravitational collapse in
presence of a scalar field has been addressed in [84]. To understand the possible connection of the solution
presented in this work with those in the earlier literatures, consider first the solution for the scalar field.
The profile of the scalar field was given by ∼ 2λ ln{1 − (4m2/r2)} [81]. Thus to leading order in r−1,
the scalar field solution behaves as, ∼ (8λm2/r2). As evident from Eq. (34), the leading order behaviour
for the scalar field exactly matches with the solution for the Kalb-Ramond field in the present context.
Further, an inspection of the gtt component of the metric, when converted to the spherically symmetric
form starting from the isotropic coordinates as presented in [81] reveals that to leading order it scales
as, ∼ 1 − (2m/r) +O(1/r3), which can also be compared with Eq. (34). Thus the static and spherically
symmetric solution presented here is indeed consistent with the earlier findings in the literature.
The above bound on ADM massM illustrates that given a certain radius r0 of a compact stellar object,
the maximum mass one can associate with it is larger in presence of Kalb-Ramond field. Thus one can
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pack extra mass into the stellar structure (a similar scenario appears in f(R) gravity as well [20].). This
provides an interesting testbed for Kalb-Ramond field. For example, if a compact object (possibly neutron
star) is observed whoseM/r0 ratio is larger then 4/9, then it can possibly signal towards the existence of
a non-zero Kalb-Ramond field.
Given the significance of the above result in the astrophysical context, it would be of interest if some
comment regarding stability of the solution can be made. For this purpose one need to consider three
perturbation modes, namely the scaler modes, vector modes and of course the tensor modes. The scalar
perturbation is essentially due to a scalar field, while electromagnetic fields are responsible for the vector
perturbations. Finally gravitational perturbations are being represented by the tensor modes. In spheri-
cally symmetric background all these perturbations satisfy certain master equation governing the evolution
of the perturbations. These equations can generically be written as [85–90]
d2Ψs
dr2∗
+
{
ω2 − Vs(r∗)
}
Ψs = 0 , (36)
where Ψs is the perturbation variable and s = 0, 1, 2 for scalar, vector and tensor modes respectively.
Since the spacetime is static the time dependence has been separated by assuming e±iωt dependence. The
stability of the perturbation mode hinges on the fact that there are no growing modes present, which
loosely speaking originates from the positivity of the potential Vs. For example, in the context of the
scalar perturbation the structure of the potential in the present context reads
V0 = e
νm2 + eν
`(`+ 1)
r2
− 1
2r
∂re
ν−λ . (37)
By substituting the expressions for eν and e−λ from Eq. (33) and Eq. (34) respectively, we observe that
this coincides with the corresponding situation in Schwarzschild spacetime, with higher order corrections
from the presence of Kalb-Ramond field. This is because eν differs from the Schwarzschild solution only
at O(1/r3). A similar consideration will apply to the vector and tensor perturbations as well, where the
leading contribution will be from Schwarzschild spacetime with sub-leading corrections due to the Kalb-
Ramond field. The Kalb-Ramond field strength h0 cannot be a large number (otherwise, solar system tests
like bending of light would have observed the same, see [51]) and hence the stability of the Schwarzschild
solution ensures that the corresponding solution discussed in this framework is also stable. However, in
order to arrive at a complete picture it is necessary to work through the black hole perturbation theory in
its full gory detail, which will be addressed elsewhere.
The above results are also in complete agreement with the earlier results in the literature in the context
of Buchdahl’s limit in scalar tensor theories. In various scalar tensor models of gravity, which mostly are of
Brans-Dicke origin, it has been demonstrated that the Buchdahl’s limit increases, i.e., one can have more
mass at a smaller radius. In particular, in [19] it was claimed that the Buchdahl’s limit in the context of
scalar tensor theories can even exceed the value unity, representing black hole horizon in general relativity.
From Fig. 1 it is clear that such a scenario is indeed present in our model as well, with a higher value
for the Kalb-Ramond field the Buchdahl’s limit can definitely cross the black hole barrier. Furthermore,
it was argued in [19] that if the energy density and pressure associated with the scalar field satisfies the
condition ρ − 3p > 0, then the original Buchdahl’s limit will be retrieved. One can trivial check that for
Kalb-Ramond field such a condition can never be satisfied and hence we will always have modifications to
the Buchdahl’s limit. The above results explicitly demonstrate the robustness of the method presented in
this work and are in complete agreement with earlier literatures [14–19]. This completes our discussion on
stellar structure in presence of Kalb-Ramond field in four spacetime dimensions. We will now discuss the
corresponding scenario when extra spacetime dimensions are present.
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4 Kalb-Ramond field in induced gravity theory and limits on
stellar structure
In the previous section we had discussed in detail how the Buchdahl’s limit gets affected in presence of
Kalb-Ramond field in four spacetime dimensions. As emphasized earlier, the Kalb-Ramond field being
a closed string mode can probe the higher dimensions. Thus it is legitimate to ask, how the above
calculation and in particular the Buchdahl’s limit gets affected by the presence of Kalb-Ramond field in
higher dimensions. We will answer this question by using the effective field equation technique to obtain
the gravitational field equations on the brane hypersurface. The presence of extra dimensions will bring
an additional parameter, namely the brane tension λT in the picture. In addition there will be several
extra pieces in the gravitational field equations on the brane, e.g., effects of the bulk Weyl tensor Eµν ,
projection of the energy momentum tensor of the bulk Kalb-Ramond field etc. Using the results obtained
in Section 2 in the context of spherical symmetry the corresponding field equations in the interior of the
perfect fluid star become,
e−λ
(
1
r2
− λ
′
r
)
− 1
r2
= −8piG4ρ− 8piG4
2λT
ρ2 − 6U
8piG4λT
+
√
8piG4
λT
h˜2 , (38)
e−λ
(
ν′
r
+
1
r2
)
− 1
r2
= 8piG4p+
8piG4
2λT
ρ (ρ+ 2p) +
2
8piG4λT
(U + 2P ) + 9
√
8piG4
λT
h˜2 ,
(39)
1
2
e−λ
(
ν′′ +
ν′2
2
+
ν′ − λ′
r
− ν
′λ′
2
)
= 8piG4p+
8piG4
2λT
ρ (ρ+ 2p) +
2
8piG4λT
(U − P ) +
√
8piG4
λT
h˜2 . (40)
Here U = −(G4/G5)2Eµνuµuν is the “dark radiation” term and P = (1/2)(G4/G5)2Eµν(uµuν − 3rµrν) is
the “dark pressure” term originating from the bulk Weyl tensor induced on the brane hypersurface. The
vector uµ corresponds to any timelike vector on the brane hypersurface, while rµ corresponds to another
spacelike vector on the brane hypersurface, such that uµr
µ = 0 [64]. From the above set of equations
it is clear that in the limit λT → ∞, one recovers the Einstein’s equations with perfect fluid source.
Having obtained the Einstein’s equations in the context of brane spacetime with Kalb-Ramond field, let
us concentrate on the associated conservation relations.
The conservation of perfect fluid energy momentum tensor representing the matter content of the star
is again given by the standard expression as in Eq. (15). While the field equation for the Kalb-Ramond
field and the conservation of the remaining tensors yield,
p′ +
ν′
2
(p+ ρ) = 0 , (41)
h˜′ +
ν′
2
h˜+
2
r
h˜ = 0 , (42)
1
8piG4λT
{
U ′ + 2ν′U + 2P ′ + ν′P +
6
r
P
}
= −8piG4
2λT
ρ′(ρ+ p) + 5
√
8piG4
λT
[ν′
2
h˜2 +
2
r
h˜2
]
, (43)
where Eq. (42) corresponds to ∇[µHαβρ] = 0, with λT assumed to be finite. Thus Eq. (42) has no general
relativity limit. On the other hand, Eq. (43) originates by using Eq. (41) and Eq. (42) respectively in the
conservation of {−Eµν + (4)TKRµν +Πmatterµν }. Note that in the limit λT →∞, the last conservation relation
becomes trivial.
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Given the above set of equations, one can infer some nice properties regarding the system without
going into too much details. For example, if the star has constant density ρc, then Eq. (41) and Eq. (42)
can be integrated to yield, exp(−ν/2) = A(p + ρc), and the Kalb-Ramond field will behave as h(r) =
(1/r2) exp(−ν/2) = (A/r2)(p + ρc). Thus in this case as well the contribution from Kalb-Ramond field
decreases as one moves towards the surface of the star. Further in this case of constant density star, from
Eq. (43) it is clear that the bulk stresses have to be nonzero both inside and outside of the star, since h(r)
is non-zero everywhere. This is in sharp contrast to the corresponding situation depicted in [9] and arises
solely due to the presence of the Kalb-Ramond field. Moreover, Eq. (43) cannot be integrated directly to
provide an expression for U(r) when P (r) = 0, unlike the situation in [9], again due to the Kalb-Ramond
field. Thus we conclude that there will be non-zero Weyl stresses present both inside and outside the
stellar object, in presence of non-zero Kalb-Ramond field (see also [91–94]).
It is also possible to argue, using Eq. (41) and Eq. (43), that the dark pressure P should be positive
under reasonable physical assumptions. First of all, as already mentioned earlier, we assume that the
energy density ρ and pressure p of the perfect fluid acting as the building material of the star decreases
outwards. This suggests that ρ′ and p′ are both negative. Therefore as evident from Eq. (41) ν′ > 0, since
(ρ+p) is positive definite. We also assume that an identical situation holds for the dark pressure and dark
radiation as well, or in other words these two quantities decrease as one reaches the outer region of the
stellar structure, implying both U ′ and P ′ to be negative [9]. With these reasonable assumptions, let us
examine Eq. (43) in some detail. Firstly all the terms on the right hand side of Eq. (43) are positive, thanks
to the fact that ρ′ < 0 but ν′ > 0, while (ρ+p) is positive definite. Therefore the left hand side of Eq. (43)
should also be positive. However the terms U ′ and P ′ are negative, keeping only three terms depending
either on U or P linearly to compensate them. In the regime of linear perturbation theory, with (brane
curvature/bulk curvature) as the perturbation parameter, one can show that U = −Eµνuµuν < 0 [95, 96]
and therefore for Eq. (43) to hold it is necessary that P > 0. A similar conclusion can also be reached by
using Big-Bang Nucleosynthesis as well as Cosmic Microwave Background to understand the dark radiation
term. Using the current estimates for primordial 4He as well as Deuterium to Hydrogen ratio one can
safely argue that negative values of U are much more favoured compared to the scenario with U being
positive [97]. Thus perturbative estimations as well as observational compatibility support in favour of
negative dark radiation. Interestingly, the fact that the dark radiation term is negative is important to
match the interior solution to the exterior one, since the exterior solutions generically have negative dark
radiation [9, 64]. Hence we can conclude that as far as the current scenario is considered (in particular
Eq. (43)), it votes for a positive value of the dark pressure term P , a fact which we will use in this work.
Using Eq. (38) one can solve for e−λ and hence obtain the mass function in the interior of the stellar
structure, leading to,
e−λ = 1− 2G4m(r)
r
; m(r) =
∫ r
0
dr 4pir2
{
ρ+
ρ2
2λT
+
6U
(8piG4)2λT
− h˜
2
√
8piG4λT
}
. (44)
Let us now analyze the structure of the above equation. The first term in the expression for m(r) is the
normal matter energy density producing mass, while the second one arises due to the presence of extra
dimensions. The third one has a purely geometric origin, namely from the projection of bulk Weyl tensor
and the last bit is from the bulk Kalb-Ramond field. The minus sign in front of the Kalb-Ramond field
strength ensures that it is effectively lowering the gravitational mass with respect to the situation when
the Kalb-Ramond field is absent (i.e., compared to the h˜ = 0 situation). This is unlike the situation in
Section 3, where the Kalb-Ramond field appears with a positive sign. Among the other two additional
terms in Eq. (44), ρ2 is always positive definite, while U can have either positive or negative contribution.
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To see that the three gravitational field equations are not independent (they cannot be, as there are
only two unknown functions λ and ν), we can start with the derivative of Eq. (39) with respect to the
radial coordinate resulting into,
e−λ
(ν′′
r
− ν
′
r2
− 2
r3
− λ
′ν′
r
− λ
′
r2
)
+
2
r3
= −ν
′
2
[
8piG4 (p+ ρ) + 8
√
8piG4
λT
h˜2 +
8piG4
2λT
2ρ (p+ ρ)
+
2
8piG4λT
(4U + 2P )
]
− 16
r
√
8piG4
λT
h˜2 − 12P
8piG4λTr
.
(45)
The term inside square bracket is actually the subtraction of Eq. (38) from Eq. (39) as one can immediately
verify. Using this fact along with rearrangement of terms, Eq. (45) finally leads to,
1
r
e−λ
(
ν′′ +
ν′2
2
− λ
′ν′
2
+
ν′ − λ′
r
)
=
2
r
[
e−λ
(
ν′
r
+
1
r2
)
− 1
r2
]
− 16
r
√
8piG4
λT
h˜2 − 12P
8piG4λTr
. (46)
As Eq. (39) is being substituted for the term within square bracket in the right hand side, one gets back
Eq. (40). Thus Eq. (40) is indeed not an independent equation, but depends on the other two. The main
reason behind this derivation is the fact that the above equation is quiet useful for our purpose, namely
derivation of Buchdahl’s limit. Keeping this in mind one can also rewrite Eq. (46) such that the following
relation is obtained,
2rν′′ + rν′2 − rλ′ν′ − 2ν′ = 4
r
(
1− e−λ)+ 2λ′ − 24rP
8piG4λT
eλ − 32r
√
8piG4
λT
h˜2eλ . (47)
At this stage one can use the two identities introduced in Eq. (22) and Eq. (23) respectively, and then
simplifying the resulting expression further, we obtain the following result,
exp
(
−λ+ ν
2
)
d
dr
[
1
r
e−λ/2
deν/2
dr
]
=
d
dr
(
1− e−λ
2r2
)
− 6P
8piG4λTr
− 8
√
8piG4
λT
h2
r
. (48)
Among the three terms on the right hand side, the last one originating from the bulk Kalb-Ramond field
as well the one from dark pressure provides a negative contribution, since following our argument below
Eq. (43) it turns out that P > 0. Another way to justify the positiveness of dark pressure is as follows:
note that the configurations for U and P inside the stellar structure can not be arbitrary, as they have to
match with the exterior solution as well. The exterior solution requires the pressure to be positive (see,
e.g., [9, 64]), which is mainly due to the origin of this term from bulk Weyl tensor. Thus for reasonable
exterior solutions we will expect the “dark pressure” to be positive in the interior as well. On the other
hand, as far as the first term in the right hand side of Eq. (48) is concerned, Eq. (44) ensures that it is
the rate of change of average density m(r)/r3. This requires the dark radiation term to decrease outwards
as the surface of the star is being approached (which it indeed does, see [9]). Among the other terms in
Eq. (44), ρ and ρ2 are both decreasing functions of the radial coordinate and as already pointed out, the
Kalb-Ramond field strength h˜(r) decreases as one moves radially outwards. Thus one can safely impose
the assumption that average density should decrease outward. This ensures that the following inequality
is being satisfied,
d
dr
[
1
r
e−λ/2
deν/2
dr
]
< 0 . (49)
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Figure 2: Allowed region for 2G4M/r0 is being depicted as the Kalb-Ramond field and the dark radiation
makes their appearance in the picture. It is clear that the size of the allowed region decreases as the
Kalb-Ramond field strength as well as the Weyl stress inherited from the bulk increases. Thus one can
add lesser amount of mass compared to general relativity to the stellar structure, at a fixed radius, if the
Kalb-Ramond field as well as higher dimensions are present. The first figure is drawn for fixed h˜0 and ρ0,
while the other one is for fixed P0 and ρ0 respectively. See text for more discussions.
Given this, one can proceed as in the previous section and following identical steps one finally arrives at
the desired inequality involving eλ alone, such that,
e−λ0/2 −
[
1
2r20
(
1− e−λ0)+ 8piG4
2λT
ρ20
2
+
2
8piG4λT
(
U0
2
+ P0
)
+
9
2
√
8piG4
λT
h˜20
]∫ r0
0
dr reλ/2 > 0 . (50)
Regarding the integral, one can perform it by noting that the average density decreases outwards as
we have elaborated earlier. In particular, from Eq. (44) it follows that m(r)/r > (m(r0)/r
3
0)r
2, making
the above inequality stronger. Defining M to stand for m(r0) one can immediately integrate the above
expression leading to,
e−λ0/2 − r
2
0
1− e−λ0
[
1
2r20
(
1− e−λ0)+ 8piG4
2λT
ρ20
2
+
2
8piG4λT
(
U0
2
+ P0
)
+
9
2
√
8piG4
λT
h˜20
](
1− e−λ0/2
)
> 0 ,
(51)
where again any quantity with subscript ‘0’ ensures that it has been obtained on the surface of the star.
Working out the above inequality in an explicit manner the corresponding limit on exp(−λ0) yields,
1− e−λ0 < 4
9
[
1− 3
2
(8piG4
2λT
ρ20
2
+
2
8piG4λT
(
U0
2
+ P0
)
+
9
2
√
8piG4
λT
h˜20
)
r20
+
√√√√1 + 3
2
(
8piG4
2λT
ρ20
2
+
2
8piG4λT
(
U0
2
+ P0
)
+
9
2
√
8piG4
λT
h˜20
)
r20
]
. (52)
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Since the metric functions are continuous across the surface of the star, e−λ0 appearing in the above
inequality can be replaced by the corresponding metric element in the exterior region in the limit r → r0.
The exterior solution without the Kalb-Ramond field have been derived in [64] and corresponds to, U =
−(P/2) = −(4/3)piG4λT(|q|/r4). Thus with the above choices for U and P but including the Kalb-Ramond
field as well, leads to the following static and spherically symmetric solution,
e−λ = 1− 2G4M
r
− 3P0r
4
0
8piG4λT
1
r2
−
√
8piG4
λT
h20r
4
0
r2
+O(r−3); h˜(r) = h˜0
(r0
r
)2
+O(r−3) ,
eν = 1− 2G4M
r
− 3P0r
4
0
8piG4λT
1
r2
− 5
√
8piG4
λT
h20r
4
0
r2
+O(r−3) . (53)
Here P0 stands for the value of the “dark pressure” on the stellar surface which is positive definite and the
relation 2U0 + P0 = 0 [9, 64] can be used to replace all the “dark radiation” term by “dark pressure” on
the stellar surface. Further substituting the metric element e−λ0 , evaluated at the surface of the star from
the above equation in Eq. (52) one finally obtains the following bound on the ADM mass of the stellar
object,
2G4M
r0
<
4
9
[
1− 3
2
(8piG4
2λT
ρ20
2
+
3P0
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2
(
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9
2
√
8piG4
λT
h˜20
)
r20
]
. (54)
This completes our discussion regarding the derivation of Buchdahl’s limit in the presence of Kalb-Ramond
field and higher spatial dimensions. For completeness, let us briefly comment on the stability of the above
solution. For this purpose, as in the previous scenario one needs to consider the scaler, vector and tensor
perturbations. Since the background is still spherically symmetric, all these perturbations satisfy the
master equation presented in Eq. (36). The time dependence will again be through the e±iωt term and the
stability essentially corresponds to the positivity of the potential Vs appearing in Eq. (36). In the present
context both eν and e−λ behaves as the corresponding metric elements associated with the Reissner-
Nordstro¨m black hole with a negative Q2, pertaining to the smallness of the Kalb-Ramond parameter
h0. One can immediately verify, given the metric elements, that the potential Vs is necessarily positive
irrespective of the value of s [88, 90, 98]. Thus a preliminary analysis suggest that the solution considered
above is indeed stable. However, in order to get the full picture and a concrete statement regarding stability,
one must work through the black hole perturbation theory and the associated quasi-normal modes. We
hope to address these issues elsewhere.
As evident from Eq. (54), the bound on ADM mass 2G4M/r0 is small compared to the general relativity
value 8/9 (see Fig. 2). This is in complete contrast with the result obtained in the previous section, where
the Buchdahl’s limit was higher compared to the corresponding situation in general relativity. Thus in this
particular scenario the maximum mass that a compact stellar object can inherit at a fixed radius will be
less compared to general relativity. Thus it will be more difficult to probe this particular scenario, since if
one observes a compact stellar object with aM/r0 ratio less than 4/9, it can either correspond to general
relativity or the current scenario. It will be problematic to disentangle these two affects.
18
5 Discussions
We have explicitly demonstrated how the presence of Kalb-Ramond field (or, equivalently spacetime tor-
sion) as well as that of extra dimensions modify the Buchdahl’s limit. While pursuing the above we have
used some general principles, e.g., matter density should decrease outwards in order to arrive at an in-
equality that depends only on the grr component of the metric. This is possibly originating from the fact
that, only the three curvature of a four dimensional spacetime encodes the gravity degrees of freedom. The
above result also provides a new perspective on the Buchdahl’s limit and possibly an universal upper bound
on the grr component. In particular, if we consider the Kalb-Ramond field in four spacetime dimensions,
it follows that the (mass/radius) ratio is larger than 4/9, the value pertaining to general relativity. Thus
at a certain radius one can introduce extra matter to the compact object. Hence if it is possible to detect
a compact object with (mass/radius) ratio larger than the general relativity prediction one can infer about
the possible presence of the Kalb-Ramond field. On the other hand, when extra spatial dimensions are
introduced, the effect of the bulk Kalb-Ramond field induced on the brane hypersurface leads to interest-
ing features. For example, the effective energy momentum tensor on the brane violates the weak energy
condition but does satisfy the strong energy condition. Similarly, there will be additional contributions
to the gravitational field equations on the brane inherited from the presence of bulk spacetime. These
two effects will result into modifications in the Buchdahl’s limit associated with a compact stellar object.
However unlike the scenario in four spacetime dimensions, as extra spatial dimensions are included the
bound on (mass/radius) ratio decreases in comparison to general relativity. This makes it difficult to
explore possible observational avenues in this context regarding the presence of the Kalb-Ramond field as
well as that of extra dimensions.
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